LORENTZ SPACES WITH VARIABLE EXPONENTS 



HENNING KEMPKA AND JAN VYBIRAL 



Abstract. We introduce Lorentz spaces L p ^.^ q (R n ) and (K n ) with 

variable exponents. We prove several basic properties of these spaces including 
embeddings and the identity £p(-),p(.) (K n ) = L p (.)(R n ). We also show that 
these spaces arise through real interpolation between L p (.)(R n ) and Loo(R n ). 
Furthermore, we answer in a negative way the question posed in [11] whether 
the Marcinkiewicz interpolation theorem holds in the frame of Lebesgue spaces 
with variable integrability. 



1. Introduction 



Lorentz spaces were introduced in [23J|24] as a generalization of classical Lebesgue 
spaces and have become a standard tool in mathematical analysis, cf. [3] 16] 14} [15], 
For an introduction to Lorentz spaces we refer e.g. to [MJ Chapter V], [H Chapter 
4] or 15, Chapter 1]. 

One of the main ingredients of the theory of Lorentz spaces is the celebrated 
Marcinkiewicz interpolation theorem, which states that under certain conditions 
one can deduce the strong boundedness of a sublinear operator T on the interpola- 
tion spaces provided that the operator is weakly bounded at the endpoints of the 
interpolation pair. This approach was used for example in the classical book of 
Stein [30 to prove the boundedness of the Hardy-Littlewood maximal operator on 
L p (R n ) for 1< p < oo. 

Another classical topic we shall touch in our work are the Lebesgue spaces 
-L p (.)(]R n ) of variable integrability. The study of this class of function spaces goes 
back to Orlicz [27] . After the survey paper of Kovacik and Rakosmk [22] , there has 
been an enormous interest in these spaces (and in Sobolev spaces W^(n) built on 
Z/ p (.)(f2)) especially in connection with the application in modeling of electrorheo- 
logical fluids [28]. Moreover, the spaces L v i.\ (K n ) possess interesting applications in 
the theory of PDE's, variational calculus, financial mathematics and image process- 
ing. A recent overview of this vastly growing field is given in [T3]. A fundamental 
breakthrough concerning spaces of variable integrability was the observation that, 
under certain regularity assumptions on p(-), the Hardy-Littlewood maximal op- 
erator is also bounded on L p t.\(M. n ), see [10] . This result has been generalized to 
wider classes of exponents p(-) in [9], [26] and [12]. Unfortunately, it turned out 
that the standard proof of Stein [30] for spaces with constant indices breaks down 
and completely different methods had to be used to achieve this result, see [T3"] . 
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The main aim of this paper is to return to this topic and to study the validity 
of the Marcinkiewicz interpolation theorem in the frame of Lebesgue spaces with 
variable integrability. For this reason, we first explore the possibility of extend- 
ing the definition of Lorentz spaces to the setting of variable integrability expo- 
nents. We show, that there is really a natural way to define the Lorentz spaces 
L p (-),q(-) (R n ), which extends the scale of Lebesgue spaces with variable exponents, 
i.e. L p (.) ;P (.)(IR n ) = L p (.)(]R n ) for p(-) — q(-). Later on, we study the interpolation 
properties of this new scale of spaces. Especially, we show in Theorem [8] that 

(L p( . ) (R n ),L 00 (R n )) e>9 = L p{ . hq (R n ) 

for < 9 < 1 and 

1 __ 1 -6 
W) ~ POT 

Finally, we discuss the validity of the Marcinkiewicz interpolation theorem in the 
context of this new scale of function spaces, an open question posed in [11]. It turns 
out that the answer is negative and we provide a detailed counterexample to this 
conjecture. 

The structure of the paper is as follows. Section 2 collects classical definitions of 
Lorentz spaces with constant indices and of Lebesgue spaces with variable integra- 
bility. Furthermore, the definition of Lorentz spaces with variable integrability is 
given. After collecting some basic properties of this new scale of function spaces in 
Section 3, we study the real interpolation properties of this scale in Section 4. Sec- 
tion 5 is devoted to Marcinkiewicz interpolation and contains the counterexample 
to [11] Question 2.8]. Finally, Section 6 collects some possible research directions 
and open problems. 

At the end of this introduction we would like to mention that another defini- 
tion of Lorentz spaces £P(Oi9(0 (R n ) with variable exponents was recently given in 
|14) with [19] and |18j as forerunners. Their definition works with non-increasing 
rearrangement and two variable exponents p(-),q(-) : [0, oo) — > [l,oo]. Due to this 
effect, the important and natural identity £ p ( ')' p (')(R") = L p (.)(R n ) does not hold 
in this scale of variable Lorentz spaces. This is a consequence of the definition of 
.Lp(.)(K™) where the variable exponent p(-) is defined on R™ and not on [0, oo). We 
return to this topic in detail in Remark [2] 

2. Old and new definitions 

In this section we collect the very well known definitions of classical Lorentz 
spaces (Section I2.2[) and Lebesgue spaces of variable exponents ( Section I2.1[) . Fi- 
nally, in Section 12.31 we provide the definition of Lorentz spaces with variable 
exponents. For simplicity, we start in Definition [2] with the more intuitive spaces 
i p (.). ( j(R"). The Lorentz spaces L p /.-\ iq r.-\(W a ) with both exponents variable are 
introduced shortly after in Definition [3J 

2.1. Lebesgue spaces with variable exponents. Let us now recall the definition 
of the variable Lebesgue spaces L p /.^(M. n ). A measurable function p : R n — > (0, oo] 
is called a variable exponent function if it is bounded away from zero. For a set 
A C R™ we denote p\ = esssup^g^p^) and p~^ = essinf xe ,<ip(a;); we use the 
abbreviations p + = p^ n and p~ = p^„. The variable exponent Lebesgue space 
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-Lp(.)(R n ) consists of all measurable functions / such that there exist an A > such 
that the modular 



Q Lpi , m (f/X) = J^ P(X) (^) dx 



is finite, where 



f> ifpG(0,oo), 
(f) <P P (t)=lo if p = oo and t < 1, 

I oo if p — oo and t > 1 . 

This definition is nowadays standard and was used also in pQ Section 2.2] and [T31 
Definition 3.2.1]. 

If we define R^jiel": p(x) = oo} and R™ = M"\R^, then the Luxemburg 
norm of a function / s L p (.)(R") is given by 

|| /|£ P( .)(R")|| = inf{A > : 0L p , )(R ")(//A) < 1} 

= inf | A > : J {^Y^j < 1 and \f(x)\ < A for a.e. x e R^ j 

It constitutes a norm if p(-) > 1, but it is always a quasi-norm if at least p~ > 0. 
Furthermore, the spaces L p /.\(M. n ) are complete, hence they are (quasi-) Banach 
spaces if p~ > 0, see [35] for details and further properties. We denote the class 
of all measurable functions p : R™ — > (0, oo] such that p~ > by P(R") and the 
corresponding modular is denoted by g p ^ instead of Qt p , 

2.2. Classical Lorentz spaces. Next, we recall the definition of classical Lorentz 
spaces as it can be found in [4] or [15] . This definition makes use of the so-called non- 
increasing rearrangement f* of a function /. For a measurable function / : R™ — > C, 
we define first the distribution function (if : [0, oo) — ► [0, oo] by 

M/(s) = e R" : |/(as)| > s}, s > 0, 

where fi denotes the Lebesgue measure on R ra . 

The distribution function /if provides information about the size of / but not 
about the local behavior of /. The (generalized) inverse function to the distribution 
function is called non-increasing rearrangement f* : [0, oo) — s> [0, oo] and is defined 

by 

/*(t)=inf{«>0:/ i/ (s) <t}. 

Equipped with these tools, we are now ready to give the definition of the classical 
Lorentz spaces with constant indices. 

Definition 1. Given a measurable function / on R n and real parameters < p, q < 
oo, we define 



(* 1/p r(*)) 9 f) 17 \ if<z<oo 

supt^Pf*(t), ifg = oo. 

t>0 



I f\L P , 



The space of all measurable / : R" — > C with || /| L Pjq (M. n ) \\ < oo is denoted by 
L p ,q(R"). The spaces are complete and they are normable for 1 < p < oo and 
1 < q < oo, see [T5] Theorem 1.4.11 and Exercise 1.4.3]. 
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The use of non-increasing rearrangement makes it rather difficult to extend Dcf- 
inition[T]to variable exponents p(-), q(-) : R™ — > (0, oo]. It is very well known that 
the spaces L p (.)(M™) are not translation invariant (see Proposition 3.6.1 in [T3]) 
and therefore the membership of / in L p ^(W n ) cannot be characterized by any 
condition on /* only. 

To avoid this obstacle, we look for an equivalent characterization of Lorentz spaces 
L p .q(R") which does not make use of the notion of non-increasing rearrangement. 
Therefore we calculate for p, q < oo using Fubini's theorem and the substitution 
s p/i ■= t (cf. Proposition 1.4.9 in [15] ) 

/ r°° , \q rff\ V« f r°° n \ 1 / q 

\\f\L p , q (R n )\\ = U (t^t{t)) j) =(j Zf*(s^yd. 

\ 1/9 / f-oc, \ 1/q 

-J [J »{s > : f (s p/q ) q > t}dt) 

\ i/g / r oo \ 1/9 

— i (I v{s>0: /*(*"/«) > t llq }dt 



j\\ 1/9 

: p 1/q ( / AV{s > : /*(«) > \ylP— \ 



1/9 



d\\ 

P 1/q [ I X>{s > : f*{s p/q ) > A}— J 

t)' 

(2) =P1/9 {J0 A<? IU^ K ":|/ (:C )|>A } |^(M")|r- 

Here, X{x^R n -.\f(x)\>\} stands for the characteristic function of the set {x 6 
\f(x)\ > A}. If no confusion is possible, this will also be denoted by X{|/|>a}- 
The equation ([2]) can be discretized and we derive 



(3) \\f\L Ptq (R n )\\~pi/«( V 2 kq \\x { xm~:\nx)\>2* } \L P (R n ) 





2.3. Lorentz spaces with variable exponents. The expression ([2| for the norm 
can be generalized quite easily to variable exponent p(-) with q constant. Surpris- 
ingly enough, even q can be considered variable when we use the spaces £ g (.)(L p (.)) 
of Almeida and Hasto [1] and the discretized equation (|3]) . Furthermore we do not 
destroy the local properties of the function /, since it gets not rearranged and the 
exponents map from R". 

Definition 2. Let p G 7 , (R") be a variable exponent with range < p~ < p + < 00 
and let < q < oo. Then L p ^ q (U. n ) is the collection of all measurable functions 
/ : R" -» C such that 

(4) 

1/9 

< 00 



\f\L pi . u (R n )\ 



is finite. 



/ r°o q d\\ /q 

[J ^ \\x{xm n :\f(x)\>\}\ L p (-)0^ n )\\ —J , if<7 

supA||x{xeR":|/( l: )|>A}|i )9 (-)( R ™)|| > ^ 1 = 00 

A>0 
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Using the iq(.){L p r.\) spaces introduced recently in |T], we may even consider the 
situation, where also q is variable. Let us recall their approach. For a sequence 
(f v )v£i we define the modular 



< 1 



with the convention A 1 / 00 = 1. If q + < oo or if q(-) < p(-) we can replace this by a 
simpler expression 



(5) 



)((/*)* 



E 



pO) (R") 

3(0 



which is much more intuitive. Here <fq(t) equals basically t q , see (JlJ. The norm in 
these spaces gets defined as usual as the Luxemburg norm 

|| {U)AZq(-){ L p{-))\\ = inf{M > : Qi 90) ( Lp0) ) ifv/fj) < 1}. 

Up to now, it is not completely clear under which conditions on p(-) and q(-) the 
expression above becomes a norm. It was shown in [T] that it always constitutes a 
quasi-norm if p~ ,q~ > 0. Further it is known (see [5D]) that it is a norm if either 
+ < 1 holds pointwise for all x G l n or if 1 < q(-) < p(-) < oo holds 
pointwise. Also in this work there is given an example where min(p(-), <?(•)) > 
1 but the triangle inequality does not hold. Let us mention that it is an open 
question if there exists an equivalent norm on £ q f.\(L p r.\) whenever min(p(-), <?(•)) > 
1. Nevertheless, since our exponents are between (0, oo] we generally work with 
quasi- norms and there are no obstacles with that. 



We use now the modular 



L 



Qt qi .) (i p( .)) 



and ([3]) to define the variable Lorentz spaces 



p(0>9(-)l 



— > 



) be two variable exponents with range < p~ < 
oo. Ther 
such that 



Definition 3. Let p, q G V{ 

p + < oo and < q~ < q + < oo. Then L p (.) i9 (.)(R n ) is the collection of all 



»>(•))( 



:\f{x)/\\>2*} 



< oo. 



measurable functions / 
(6) 

||/|L p( . ) , 9( . ) (R n )||=inf{A>0: 

Before we discuss the properties of these new function spaces we derive an equiv- 
alent expression for || f\ L p r.\ q ^(SL n ) . 

Lemma 4. Let p.q G T > (M n ) be two variable exponents with range < p~ < p + < 
oo and < q~ < q + < oo. Then 



(7) 



( 2 X{xel 



\f(x)\>2*}) k =_ 



Proof. If A = 2 J for some j G Z, we obtain 



X{x£R":\f(x)/>.\>2''}) - 



2 k X{xeR":\f(x)\>2*} 



The rest of the proof then follows by simple monotonicity arguments. 

Remark 1 . The somehow more complicated definition of the quasi-norm in Defini 
tion[3]was necessary. Only the expression in ^ is homogeneous; i.e. 

|| A/| L pi . )M . } (R n )\\ = |A| • || /| L p( . )ig( .)(R")|| for all A G R. 



□ 
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Easy examples show that the right-hand side of ([Jj fails to have this property. 
Nevertheless due to Lemma |4j both expressions are equivalent and therefore define 
the same spaces L p i.y q t.\ (R™). In majority of our considerations, we shall work with 
the somehow simpler expression ([7)1, 

If q(-) = q is a constant function, then the Proposition 3.3 in pQ shows that 
is really an iterated space, i.e. 

\\(U)v&ML P u)\\ = (J2\\fAL P (.)(^ n )\\ q ) 1/q 

(with an appropriate modification if q = oo). By |3]) and ([?])■ we obtain that 
Definitions [2] and [3] are equivalent. 

Moreover, we observe by {2J and ([3]) that for constant functions p(x) = p and 
q(x) = q we get an equivalent norm for the usual Lorentz spaces L p , g (R n ), whenever 
p,q < oo. A similar calculation justifies this fact also if p < q = oo. If p = oo, 
then the usual Lorentz spaces L 00i(? (R") defined by Definition Q] consist only of the 
zero function whenever < q < oo, see Section 1.4.2 in [15 . It is easy to see, 
that Definition [2] applied to p(-) = oo and q < oo gives Loo.^R") = L oa (R n ). 
Nevertheless, we will show that L p t.\ p t.\(M. n ) — L p (.)(R n ) and therefore the case 
p = q = oo is also included for p = oo. 

Summarizing, our spaces L p ^ q ^.j(M. n ) are equivalent to the usual Lorentz spaces 
Lp tq (M. n ) if p(-) = p and q(-) = q are constant functions. The only exception is the 
case if p — oo and < q < oo, see Theorem [Jj 

Remark 2. Another approach to generalize this definition to variable exponents was 
given in [14], with forerunners [19] and [18]. They introduced the spaces C p ^' q ^(Q) 
by the corresponding quasi-norm 

\\f\c^-\n)\\ = \\t^7-^r m^io, \n\)\\, 

where il C R" is a measurable set, |Q| is its Lebesgue measure and p, q : (0, |f2|) — > 
(0, oo) are variable exponents. The spaces C p ^ (fl) coincide with usual Lorentz 
spaces L p q (fl) if p(-) = p and q(-) — q are constant. On the other hand, in this 
scale there is no hope for the identity £p(-)*p(')(Q) = L p( .)(0) to hold, since in the 
definition of the Lebesgue spaces the variable exponent p(-) is defined on whole fl 

3. Basic properties 

In this section, we prove several basic properties of the new scale of function 
spaces. 

Theorem 5. Letp,q € 7'(R ra ). Then L p (.) g (.)(R™) are quasi-Banach spaces. 

Proof. To prove that ([5]) defines a quasi-norm, we only have to show the quasi- 
triangle inequality. We use the estimate 

{x e R" : |/(a:) + g(x)\ > 2 k } C {x G R" : + \g{x)\ > 2 k } 

C {x G R" : > 2 k - 1 } U {x G R" : \g{x)\ > 2 k ~ 1 } 

to obtain 

X{xeR n :\f(x)+g(x)\>2 k } < X{xm™:\f(x)\>2 k - 1 } + X{xEM" :\g(x)\>2 k - 1 } ■ 
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This in turn implies 

||/ + 5l^p(-),g(-)( Rn )|| ~ ( 2k X{xm":\f(x)+g(x)\>2>'}) k= _ 00 ^q(-)( L p(-)) 



< 



2 X{ a; eK":|/( K )|>2*-i}j fc= _ 00 + (.2 X{xeR" : | s (x)|>2'=-i}J fc= _ 00 «<?(-)( l p(-)) 

< c| (2 fe X{ a;e R™ : |/(x)|>2^i}) fe= „ 00 ^(-)( L p(-)) + ( 2 ' £ X{ a; eR" : | s ( a; )|>2'=-i}) fc= _ 00 Zq(-)( L p(-)) 

< II/IL^^^K^II + IIsIL^.)^.)^")!!, 

where c is the constant from the quasi-triangle inequality of ) (^p( ))- 

To show that the spaces L p (.) i9 (.) (R") are complete we take a Cauchy sequence 
(/i)zeN C L p (.) i9 (.)(lR n ). We chose a subsequence (which we denote by (/;)«eN again) 
with 

\\fi+i- fi\L p( . )M . } \\< leN. 

For notational reasons, we put /o = 0. We consider the function 



g(t) :=£|/i+i(*)-/jWI- 

Z=0 

As X{ s >a}(^) < T,ZoX{\f l+1 -fi\>\/2i+i}(%), w e obtain 

OO 

iix {s >A } |i P (.)(K n )ir < E iix{i/ i+1 -/ I i>A /2i+1 >iiK-)( Rri )ir 

Z=0 

00 o(i+l)r 00 o(; + l)r 

^ E • - fi\ L *),oo\\ r < E -^ 2 ^ r 

i=0 2=0 

where r — min(p~,l) and we have used the embedding L p (.) i9 (.)(R") ^ L p (.) !00 (R"), 
see Theorem [71 As the last sum converges, we get ||x{s>A}|ip( )(R™)|| — ^ for 
A — > 00 and g is finite almost everywhere. Therefore, the series 

00 00 

f{x) =J2fl+l(*)-M x ) and />) = (*)-/«(*) = f{x)-fi{x), x e M™ 

2=0 (=1 

converge also almost everywhere. 

It remains to show that / S L p (.) !g (.)(R ra ) and /; — s> / in (R™). 



The estimate 2 fc X{|/| >2 '=} < E ^{l/i+i-Zil^*- 1 } implies that 

z=i 

00 

ii2 fc x { |/i >2fc} i^ ( .)(^(-))ii e £ E i! 2fc x { |/ !+1 -/ ! i> 2 - !} K 9( .)(i P (.))r 

00 00 

= E 2 ' e ii 2fe ^{i/ !+1 -/d> 2 -}iV)(^(-))ii e < E 2 ' e • 2 ~ 2 ' e < °°> 



z=i 



z=i 



where g > is chosen small enough, cf. [TJ Theorem 3.8] 
Therefore, / G £ p (.) )9 (.) (R") and / = / + /1 € L p (.), g (. 
Finally, for Z e N fixed, we consider 



f — fi — E^ m+1 ~~ 



8 



HENNING KEMPKA AND JAN VYBIRAL 



The estimate X{\f-f,\>2*} < E^=i X{\f m+1 -f m \>2*-(™- l +V} implies the convergence 
||/ — fi\L p r.\ — > for Z — > oo in a similar manner as above. □ 

We continue with a theorem showing that the scale of variable Lorentz spaces 
includes the scale of Lebesgue spaces with variable exponent. We would like to 
emphasize, that the identity L p (.) )P (.)(R n ) = L p ^{R n ) does hold without any re- 
strictions on p(-) with < jT < p + < oo. 

Theorem 6. If p G P(R n ), then it holds L p( .) >p (.)(m n ) = L p ^(M. n ). 
Proof. We want to show 

(8) £>p(-)(//2) < Q£ p( . )(!,„(.)) ((2 fe X{ :cG B":|/(2;)|>2 fc })fe^-oo) < Qp(-)( c f)> 

where c — (1 — 2~ p ) _1 /p From the inequalities above we conclude easily 
i||/|L p( .)(M n )|| < ll/li^^R")!! <c||/|L pW (R w )||, 

which proves the theorem. First this proof only treats the case |R'£o| = G R™ : 
p(x) = oo}\ = 0. At the end we comment on the case [R^l > 0. Since p(-) = q(-) 
we can use the easy expression <j5j> for the modular and then the first inequality in 
(JSj) follows from 

oo 
k— — oo 

= I E 1 kp{x) dx. 

R " {fcez^^i/Cx)!} 

For fixed .x G M n with |/(a;)| > we choose the unique k x G Z with 2 /c = p ^ < 
|/(x)| p(a:) < 2< fe -+ 1 )p( ;r ) and obtain 



/ \ — k 1 



{k£Z:2 k <\f(x)\} fe=-c 

Using 1 < 1 _ 2 - pM we get from © 

e v >(^<.>) (( 2fe x { |/(,)i> 2 n)r=_oo) = / E 2kp{x)dx 

JR " {k£Z:2 k <\f(x)\} 

> f 2 k ^ x) dx = [ 2 {k * +1)p{x h- p{x) dx 



> 



\\f{x)\^dx = e p{ . ) {f/2). 
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The converse inequality uses again ((9]) with 1 _ 2 l p(x) < - — - and follows in 
similar way 

fc, w (*.<o> ((2 fe x { |/ ( .)i> 2 n)r=-oo) = / E 2kpix)dx 

Jig.™ r, „„ oi- M-, 



2 fc J! p(x) L^dx<[ 2 k ^ x) — -dx 



< 



{fceZ:2*<|/(a:)|} 

y-^dx < [ _ 

1 - 2-pO) ~ J R „ 1 - 2~p~ 

I/WI P(X) ( ^2-p- ) " dx = Q p{ . ) {cf), 



with c = (1 - 2"f . 

Now, we come back to the case, where |R^o| > 0. First, we split our function 
f = fo + foe ■— f ■ XR"o + / ' XR'jo ■ Then we use the considerations above and 

|| /o| ip(.)(K")|| + || /oo| ( Rn ) II < 2 II /0 + /oo| i p( .)(K")|| , 

see [131 Remark 3.2.3], and 

|| /o| i p(-),p(-)( IR ")|l + II /ool ^P(-),P(-)( R ")|I - 2 II /o + /oo| ip(.),p(.)(R n )|| , 

which is implied by 

^ p( . ) (L p( . ) )(( 2 ' C X{|/o+/ 00 |>2fc})fejL-oc) = ^ p( . ) (L p( . ) )(( 2fc X{|/o|>2fc})feL-oc) 

+ £'£ p( . ) (L p( . ) )((2 fe X{|/ 00 |>2n)£-oo)- 

□ 

Next we show that the new scale of function spaces satisfies some elementary 
embeddings, which are very well know in the case of constant exponents. 

Theorem 7. (i) Let p,qa,qi G V(M. n ) with qa(-) < qi(-) pointwise. Then 
ip ( . ) , go( . ) (R")^L p( . )igi( . ) (R«). 

(ii) Letq£P(R n ). Then L 00 ^ q ^(W ri ) — L 00 (M n ). 

(iii) Let po,pi,qo,qi £ V(BL n ) with p^ < oo and a :— (pi/po)~~ > 1- Then the 
inequality 

( 10 ) \\f\ L Pa(-),qo(-)\\ < 4f\ L pi(-),qi(-)\\ 

holds for all measurable f with supp / C [0, 1]™ with c independent of f . 

(iv) Let po,pi,q 6 P(R") with po(-) < Pi(-) pointwise. Then the inequality 

( n ) \\f\ L p (-)M-)\\ - c II/I l pi(-),9(-)II 

holds for all measurable f with supp / C [0, 1]™ with c independent of f . 

Proof. The first statement follows from Lemma2]and the embedding i qo (.) {L p (-)) 
£q x (-){L p r.\) which has been proven in [T]. 

To prove the second part of the theorem, it is enough to use the above embedding 
in the form 

ioo, g -(K") ioo, g( .)(R") ^ ioc,oc(M") = ioo(R") 

and the simple embedding L 00 (M. n ) L QCiq -(M n ), which follows directly from 
Definition [3] and Lemma 01 



10 



HENNING KEMPKA AND JAN VYBIRAL 



The proof of the third statement is based on the following simple fact. For every 
A C K n with fi(A) < 1 the following inequality holds 



(12) 



\xa\L Po{ .)\\ < \\XA\L pi (.)\\ a , 



where again a = (pi/po) > 1. 

To show ([TO]) , it is enough to assume that qi(-) = oo and 



J pi(-), 



Using (p~2|) . we obtain 



sup2 '||x{|/|>2^}l^p 1 (-)( 11 

feez 



= 1. 



\L M .), qo (.)\\ 90 Z 



k— — oo 



|/|>2<=}l L Po(-)( 



|9o 



< J2 2 k ^o +^2 k ^\\ Xm>2k} \ Lpii . } (W^ 

k— — oo k—1 
oo 

< c + ^2 fe ^( 2 - fc ||/|L pi( . ) ^(M")||)^ <c' 



k=l 



with an obvious modification if = oo. This justifies (|10[) . 

The proof of the forth statement follows a similar pattern. We start with / such 
that 



l L Pl(-):9(-)( M ")H ~ ( 2 ' £ X{ a: GM":|/( a; )|>2'=}) fe= _ 00 V')( L Pi(-)) 



1. 



We use again the splitting into two parts, namely with k < and k > 1, respectively. 
In the first case, we use the bounded support of / to obtain. 

||(2 fe X{m>2n )L-JW £ po(-))ll <ll(2 fe X[o,i]»)L-ocK g (.)( £ P o(-))ll 

^[[(a^iciiOL-oolV^Poco)!!^ 1 

The second part with fc € N may be estimated directly as 

||(2 fc X{ | / | >2fc} )r =1 |^(.)(L Po( .))|| < ||(2 fe X{ | / | >2fe} )^ =1 |£ ?( . ) (L pi( . ) )|| <1, 
which finishes the proof of (fTTj) . □ 

Remark 3. The second part of this theorem is in contrast to 15, Section 1.4.2], 
where L OQyq (M n ) — {0} is stated. But this is also not surprising since we did not 
take the extra factor p 1 ^ appearing in ([2]) and ([3]) into our Definitions [2] and [3] of 
our variable Lorentz spaces. 



4. Interpolation 

We stated already in the introduction that the main importance of Lorentz spaces 
lies in their connection with (real) interpolation theory. In this section, we shall 
explore the interpolation properties of Lorentz spaces with variable exponents. But 
before we come to this, we recall some basics of the interpolation theory, as they 
may be found for example in the classical monographs [5 and [32] , 

We shall touch only the two most important interpolation methods - the real 
interpolation and the complex interpolation. Complex interpolation of variable 
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exponent spaces has already been treated in [11]. It turned out that the expected 
result 

[L Po( . ) (R n ),L M . ) (m n )] e =L Pei . ) (R n ) 

does hold for all < 9 < 1 and all = + with Pg,Pi > 1. 
This complex interpolation result has been complemented in |21j by showing 

[i p( . ) (M") )J BMO(R n )] 9 = L pe{ . } (R n ) and [i p (.)(M n ),i?i (R")]e = £ P9 (.)(K") 

under some regularity conditions on p(-). 

We shall therefore concentrate on the real interpolation method (the so-called K- 
method). Let X and Xi be two ( quasi- )Banach spaces, which are both embedded 
into a topological vector space Y. Then the spaces Xq + X\ is defined as the set of 
all x G Y, which may be written as x — xq + x± with xq G Xq and xi G X±. 

For any x G X + X\ and any < t < oo, the so-called Peetre K- functional is 
defined by 

(13) K(x,t,X ,X 1 ) = inf{||a; |Xo|| +t||xi|Xi|| : x = x Q + x u x a G X Q , Xl G Xi}. 

If the spaces Xq and X\ are fixed and no confusion is possible, then we abbreviate 
this to K(x,t). If < 9 < 1 and < q < oo, then the real interpolation space 
(Xq, Xi)e, q is defined as the set of all x G Xq + Xi, such that 

1/9 



\\x\{X 0) X 1 ) e , q \\ = 



if q < oo, 



supi K(x,t), if q = oo 

■ t>o 



is finite. 



Theorem 8. Let p G V(R n ) with p + < oo. Let < q < oo and < 9 < 1 and put 

1 l-6» 



p(0 p(0 ' 

Then 

(14) (L p(0 (R n ),i O o(R n ))fl, g = ^(.), fl (R n ) 
m i/ie sense of equivalent quasi-norms. 

Proof. Step 1. We shall show that 

(15) (L p( . )>00 (R"), Loo(K n ))fl,, ^ %),«( Rn )> 
i.e. that 

(16) 

We shall use that 

#(/,*) - inf{||/ || p( . )iOO + tWf^U :f = f + f 1 } 

= inf {|| (1/(^)1 - A*)+llp(-).oo + i||min(|/(x)|,^)|| 00 } 

A»>0 

> {Ai||X{xeR":|/(^)|>2 M }ll P (-) + *|| min^Ca!),^)!!^} 

for every fixed £ > 0. 

We denote h(X) = \\X{xeU«:\f(x)\>X}\\ P (-) for A > and f*(t) = sup{A > : 
h(X) > t) its generalized inverse function. Using the assumption p + < oo, we 



£ \ q || x { *m«:\m\>v\ %)( Kn )ir x ~ /°° *" fl '^(/.*)*7- 
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obtain that h(f*(i)) > t for all t > 0. Then we choose /i by fi = /*(i)/2. This 
leads to K(f,t) > f*(t)h(f*(t))/2 > tf*(t)/2. The proof is then a consequence of 
the following two estimates on the left and right hand side of (JTT 



JO A fc ~' 00 "'A:2 fc </ l (A)<2 fc + 1 A 

oo /. ii oo r f,(2 k ) j\ oo 

< 2 k( - 1 - e ')i / A 9 — < V 2 fe(1 " 0),? / \ q — - < V 2 k{1 - e)q f*(2 k ) q 

~ J\:2"<h(\) A ~ f-' Jo A ~ f-' 



and 

k— — 00 /c— — oo 

oo oo 

> ^ 2( fe+1 )( 1 - 9 )V*(2 fc+1 ) 9 = ^ 2 fe ( 1 - e )V*(2 fe ) 



If g = oo, only notational modifications are necessary. 
Step 2. Next, we prove that 

(17) L p( . u (R n ) (Z w (R w ),L 00 (R n )) fl) , ) 
i.e. 

(18) _/ t- 8q K(f,t) q j<j a A"|| X{ x eR «:|/(x)|>A}|^(.)( Rn )irX- 

We start again with a reformulation of K{f,t). 

K{f,t)=mi{\\fX{-)+t\\noo-f = f + f 1 } 

= inf :{||(|/(»)| - /i)+|| p( .) + i|| mind/^I.AiJHoc} 

/j>0 

- ^ f {ll^{^eR" : |/(^)|>M}llp(-) + *M> 

OO 

P 3=0 

OO 

- ™f o {J2 2:l V-\\X{xeK":\f(x)\>2^}\\p(-) +tp} 

OO 

= ^{£2^(2*/*)+^}, 

where we denoted h(X) := ||X{aeK n :|/(a:)|>A}||p(-)- us remark, that we have 

assumed p~ > 1 in the calculation above to be able to use the triangle inequality 
without additional powers. The modification in the case p~ < 1 is straightforward 
and left to the reader. 

For fixed t > 0, we choose /i = fj,(t) by 

oo 

(i(t) := mf{(i > : ^ 2 j h(2 j n) < *}. 

3=0 
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As the function h is right-continuous, we obtain immediately 2° h(2 3 /j,(t)) < t. 

We first estimate the right-hand side of (|18l) as 



-6)q 

k—~oo 

Furthermore, we discretize the left-hand side of (fT5|) as 

,dt 



LHsm < I t- 9 n^{t) q - = V 2 kq f t^*- 
< V 2 kq f 



k— — oo 

If > 2 fc , we obtain 

oo 

* < ^2 J 7i(2 i+fe ). 
3=0 

Therefore, we continue 

(\ (1-0)9 
oo 
Y,2 ] h{V +k ) 
3=0 

If (1 — 0)q < 1, we may write (I = j + fc) 

oo oo 
k— — oo j — 

OO OO 

= ^2 (l ^ j)q 2 :i(1 ^ e)q h{2 l ) {1 ^ e)q 

I— — oo j—0 

oo oo oo 

= J2 2 lq h(2 l )( 1 -V q J2 2 ~ j(>q % 2 lq h{2 l ) {1 - 9 ^ q . 

/—-co j—0 1 — — 00 

If (1 — 9)q > 1, we use a similar approach combined with Holder's inequality 

oo oo 

LHSfB$< 2 kqS ^2^ 1+e){l - 6)q h(2 3+k ) {l - 6)q 

k—- — oo J—0 



oo oo 



= ^2 ( ^ j)(, 2 j(1+£)(1_0)9 /i(2 i ) (1_0)l? 

/— — oo j—0 

oo oo oo 

= ^ 2' 9 /i(2') (1 ~ e)<? ^2- J « ( ~ 1+(1+£)(1 ~ e)) < ^ 2 lq h{2 l ) [1 ~ e)q , 

1 — — OQ 3=0 1 — — 00 

where we have assumed that £ > was small enough to obtain — 1 + (1 + e) (1 — 6) = 
-9 + e(1 - 0) < 0. This finishes the proof. □ 

Remark 4. (i) Let us point out that the assumption p + < oo is forced mainly 
be the technique of generalized inverse functions used in the proof of Theo- 
rcm[5] We leave it as an open problem if this assumption might be removed. 
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(ii) As the proof of Theorem [8] works only with norms of characteristic func- 
tions, one can easily generalize its statement to 

(-kp(-).9o(* n )' £ooO& n ))e,g = Lp(.^ q (M. n ) 

for any < qo < oo. And due to monotonicity, the result holds for qo € 
V{W") as well. 

5. Marcinkiewicz interpolation theorem 

Let T be an operator defined on measurable functions on R™. We say, that T is 
sub-linear, if 

|T(/ + 0)(a;)| < \Tf(x)\ + \Tg(x)\ 
holds for (almost) every x £ 1™. One of the most important tools in analysis of 
(sub-)linear operators is the Marcinkiewicz interpolation theorem. Let us recall its 
statement as it may be found for example in |T51 Corollary 1.4.21]. 

Theorem 9. Let SI C R™ be a measurable set and let T be a sublinear operator, 
which maps L Po (Q) to L q0iOO (£l) and L Pl (Q) to L qiiOQ (il), where < po ^ p\ < oo 
and < qo ^ q\ < oo. Let < 9 < 1 and put 

1 _ 1 -6 9 1 _ 1-6 9 

p ' Po pi' q ' qo qi 

if 

(19) p < q, 

then T maps boundedly L p (Q) into L q (d). 

One of the prominent applications of Marcinkiewicz interpolation theorem was 
given by Stein in his classical book |30j . The Hardy-Littlewood maximal operator 
is defined for every locally-integrable function / on R™ by 

M/Or) = sup i f \f(x)\dx, lei", 

B3x \-t>\ Jb 

where the supremum is taken over all balls in R™ containing x. It is easy to see 
that M acts boundedly from L oc (R") into L oa (W n ). Furthermore, one shows that 
M maps Li(R n ) into Li :00 (R n ). This two facts, combined with Theorem^ lead 
immediately to the boundedness of M on L p (R n ) for every 1 < p < oo. 

The study of the maximal operator in the frame of Lebesgue spaces with variable 
exponents attracted a lot of attention with the most important breakthroughs being 
achieved in [TDJ [HI [HI E]- It turned out, cf. [H Theorem 4.3.8], that M is 
bounded on L p (.)(R n ) if p~ > 1 with the function l/p(-) satisfying the so-called 
log-Holder continuity conditions. Under the same regularity conditions on p it was 
proven in [7], that if p~ > 1 the maximal operator maps L p (.) (R n ) into L p /.y 00 (M. n ). 
Quite naturally, this raises the question if the boundedness of M on Lebesgue spaces 
of variable integrability could be deduced from this weak-type estimate and some 
version of the Marcinkiewicz interpolation theorem. 

In its abstract setting, the same question was already posed as an open problem 
in [11]. We recall their notation first. We say, that the sublinear operator T is of 
weak- type (tt (-), tti(-))> if 

^IIX{xeffi":|T/(a)|>A}ll7ri(-) < C II/IU (-) 

holds for some c > and all / 6 L 7ro (.)(R") and all A > 0. 
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Let 7To(-) and ~k\ (•) be two variable exponents and let < 6 < 1 be a real number. 
Then we put 

1 l-6> 9 



ne(x) ttq(x) tti{x) 
The Question 2.8 from [TT] sounds 

Question 2.8([TT], Marcinkiewicz Interpolation) Let T be a sublinear opera- 
tor that is of weak type (7r (-), 7r (-)) and (7r 1 (-),7r 1 (-)). Is T then bounded from 
L^QR") to 

We shall prove that the answer to Question 2.8 is negative. 

The basic idea of our construction is based on the observation that the condition 
(TIT))) is necessary for the Marcinkiewicz interpolation theorem on usual L p (W l ) 
with constant exponent, cf. [16] . It means that there are < po =/= p\ < oo and 
< go 7^ <Zi < °o an d < 6 < 1 such that T is of weak type (poj Qo) and (pi, qi), 
p > q and T is not bounded from L p [Q, 1] to L q [0, 1]. 

Then we set 



Tf(x) 



{T( X[0A] f)(x-l), a; 6 [1,2], 
[0, a; 6 [0,1). 



We put 



jp ,z G [0,1), , . Jpi.a! € [0,1), 

7ro(a:) := < . and TTilx) := < r 

\®,,a!G[l,2] [gx^G [1,2]. 

We obtain that T is of weak type (tto(-), tto( - )) and of weak type (7Ti(-), 7Ti(-)) but not 
of strong type (7re(-), 7r$(-)). Furthermore, a simple modification of this argument 
allows to construct a counterexample even for smooth parameters 7To(-) and 7i"i(-). 
To make the presentation self-contained, we provide a simple construction of T with 
the properties mentioned above. 

5.1. Specific counterexample for T. In this section, we shall provide more de- 
tails on the above given construction. Especially, we shall construct an operator 
T which satisfies the assumptions from our counterexample. Following the work of 
Hunt [16l [17] , we define for a > the following Hardy type operator 

-a-l 



(T a f)(x) =x- a -" / f(t)dt, 0<x<l. 
Jo 

We observe first that T a is linear and defined on all £i(0, 1). Using the estimate 
| J* f(t)dt\ < Jq f*(t)dt and Holder's inequality 



/2 



||Ti /2 /[[i,oo < sup x-x~ 3 ' 2 f*(t)dt< sup x- 1/2 (/ (r(t)) 2 dt) -x 1 

0<x<l Jo 0<x<l v Jo ' 

we obtain also the weak-type estimate Ti/ 2 : £2(0, 1) — > £i,oo(0, 1). Furthermore, 
the boundedness of T^/ 2 from £oo(0, 1) into £2,00(0, 1) follows by 

ll^l/2/||2,oo < SUp X 1 ' 2 ■ X- 3 ' 2 I f*(t)dt= Sup X~ l - / /* (*)* < ll/lloo. 
0<x<l Jo 0<x<l Jo 

On the other hand, it is easy to see, that Txj% is not bounded from £4(0, 1) into 
£4/3(0,1). Just take f{t) = t~ 1/4 |ln(f)|- 1/4 - £ X[0T/2](i) 6 £4(0,1) for e > and 
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calculate 

/ f 1 / f x \ 4 / 3 N 3 / 4 

||T 1/2 /|U/3= (/ x-\ f{t)dt) dx) 



> 



(fV>(f«-v. |Mtr v^ t) ^ r 



!/ 2 / , n 4/3 \ 3/4 



/ r 1 / 2 \ 3/4 

(/ ^-^Ih^l- 1 / 3 - 4 / 3 ^) 



CO 



for < e < 1/2. 



6. Open problems 

Although we presented some basic properties of the scale of Lorentz spaces with 
variable exponents, many questions remained opened for further investigations. 

The first obvious generalization is to treat Lorentz spaces L p /.\ q r.\(Q, fi) on ar- 
bitrary measure spaces (fi, fj,) as it is usually done for Lorentz spaces with constant 
exponents, cf. [15] , We believe that the considerations above are also true in this 
case and we have studied mainly spaces on R™ to simplify the notation. 

It would be also highly desirable to obtain further results on real interpola- 
tion in this scale, complementing Theorem [8] Especially, it would be useful to 
have two variable exponent spaces as interpolation couple, i.e. to characterize 

(-kpo(-)( Kn )' i Pi(-)( K ")) >9- 

The use of £q(-)(L p (.)) spaces suggests yet another interesting idea, namely to al- 
low for interpolation with variable parameter g(-). This option was already noticed 
in the introduction of [T|. Unfortunately it turns out, and it is also mentioned in 
[2], that the real interpolation spaces with variable parameter q(-) lack in general 
the interpolation property. On the other hand, it is possible, that under suitable 
conditions on the endpoint spaces, the real interpolation method with variable q(-) 
works well and the interpolation property is restored again. 

The last open problem is the starting point of this paper. If the Marcinkicwicz 
interpolation theorem would work in the scale of variable exponent spaces, we would 
have found a very elegant way to prove the boundedness of the Hardy-Littlewood 
maximal operator on L p (.)(R"). Combining the weak estimate from [7] 

M:L po( . ) (R")^L po( . )i00 (R") 
with the trivial boundedness 

M : LooQR") -> ioo(M n ) 

we could get the boundedness of M on L p( -.)(R n ), with = ^^y- Unfortunately 
the previous counterexample tells us, that Marcinkiewicz does not work on variable 
L p (.)(R") spaces. On the other hand, using Theorem[8j we may easily show that 

under the regularity assumptions on p(-) as used in [7]. We would be therefore very 
much interested in additional conditions on the sublinear operator T, which would 
ensure the validity of Marcinkiewicz interpolation. 
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